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identical elastic half-planes is considered. Two different power laws are used to describe the property
variation of the FG interlayers within the unit-cell. Two different models are developed to deal with
the FG interlayers, namely, the explicit FG model and the multilayer model. In conjunction with the trans-
fer matrix method, the wave reﬂection and transmission coefﬁcients, and band gaps of the FG periodic
laminates are computed. Numerical results are presented and discussed to reveal the inﬂuences of the
FG and homogeneous interlayers, the incidence angle of time-harmonic plane SH wave on the location
and width of band gaps. The explicit FG model developed in this study is accurate and capable to simulate
the full wave pattern within the periodic laminates, and it can be easily extended to periodic laminates
with defects. The corresponding results presented in this paper may have important applications in opti-
mizing and developing novel acoustic devices such as wave ﬁlters and noise insulators.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
In recent years, an increasing research interest on a new class of
functional composites, the so-called phononic crystals (PCs), arises
in the research community from many different disciplines involv-
ing material sciences, physics, mechanical and civil engineering,
etc. PCs consist of two or more different constituent materials with
a periodic arrangement, and many anomalous wave propagation
phenomena may arise in such periodic structures (Brillouin,
1946). PCs may show some surprising effects like band gaps, wave
localization, wave beaming, wave bending, negative refraction etc.,
which have potential applications such as in the design and func-
tional optimization of novel multi-functional composites, develop-
ment of new acoustic and ultrasonic devices (wave detectors, wave
ﬁlters, waveguides, wave transistors, wave transformers, acoustic
lenses, acoustic interferometers, etc.), noise reduction and vibra-
tion isolation in high-precision mechanical systems and many oth-
ers (Maldovan and Thomas, 2009). Consequently, it is especially
important for analysts and designers to have a thorough under-
standing of and deeper insight into the dynamic behavior of PCs.ll rights reserved.
s, Mechanics and Informatics,
fom@yandex.ru (S.I. Fomenko),
@uni-siegen.de (Ch. Zhang),In this paper, a special type of PCs is considered, namely, the
one-dimensional (1D) PCs consisting of a periodic arrangement of
two different elastic layers with a periodicity in the thickness
direction, where functionally graded (FG) interlayers are placed be-
tween two neighboring homogeneous layers. Hence, the 1D PCs
investigated in this paper are nothing else than periodically lami-
nated composites with FG interlayers.
Of special importance in studying PCs are the determination
and investigation of complete or directional band gaps, wave trans-
mission and localization effects, defect states in the periodic struc-
tures and so on. Several different approaches including analytical,
semi-analytical and numerical methods can be applied for this pur-
pose. Many methods have been introduced so far including the
plane wave expansion (PWE) method (Goffaux and Vigneron,
2001; Kushwaha, 1999; Wang et al., 2009), transfer matrix method
(TM) (Yeh and Chen, 2006; Wu et al., 2009), multiple scattering
theory (MST) (Kafesaki and Economou, 1999; Sainidou et al.,
2004; Li et al., 2006), ﬁnite difference time domain (FDTD) method
(Cao et al., 2004; Sun and Wu, 2007), spectral ﬁnite element meth-
od (Wu et al., 2009), dynamic ﬁnite element method (DFEM) (Liu
and Gao, 2007), wavelet method (Checoury and Lourtioz, 2006;
Yan and Wang, 2006), etc.
The PWE method is one of the commonly used techniques for
calculating the band structures of inﬁnite PCs, in which the Bloch
theorem is utilized and the method expresses the displacement
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tions of wave motion are transformed into an eigenvalue equation
which yields dispersion relations or band structures. However, for
three-dimensional (3D) PCs or those with a large contrast in the
properties of the component materials, the PWE method converges
very slowly and a large number of plane waves are required. Also,
the PWE method may give rise to unphysical ﬂat frequency bands
in some cases (Goffaux and Vigneron, 2001). The TM method is of-
ten used for one-dimensional (1D) PCs whereas its extension to
higher dimensions is not an easy task (Li and Lin, 2003). The MST
method is a useful technique to deal with 3D PCs but computation-
ally quite cumbersome and requires a large number of terms in the
multiple expansions. The FDTD approach is mainly applied to ﬁnite
PCs where complex geometries, inhomogeneities, material anisot-
ropy and non-linearity can be taken into account. However, it re-
quires a very ﬁne spatial discretization and is time-consuming
for a large contrast in the material properties of the component
materials. Some other methods, e.g., the lumped mass method
(Wang et al., 2004), the mass-spring method (Jensen, 2003), the ﬁ-
nite element method (Yeh and Chen, 2006) and the wavelet meth-
od (Checoury and Lourtioz, 2006; Yan and Wang, 2006), are not
frequently used.
The main objective of the present work is to conduct a detailed
band structure analysis of time-harmonic plane SH elastic waves
propagating in functionally graded (FG) periodic laminates or 1D
PCs with FG interlayers between two homogeneous elastic layers.
The FG interlayers considered in this paper is a composite consist-
ing of two phases and its composition varies in the thickness direc-
tion. Further information on functionally graded materials (FGMs)
in general can be found in literature, see e.g., (Suresh and Morten-
sen, 1998; Shen, 2009). The laminated composite structure consid-
ered in the present work is composed of a ﬁnite number of layers
with both homogeneous and FG material properties. To describe
the variation of the material parameters of the FG interlayers,
two different power laws are used, which allows us to approximate
linear and non-linear material gradation in the thickness direction.
Through the FG interlayers, no interfaces between the neighboring
layers exist, which is beneﬁcial to avoid delamination or debond-
ing. Since analytical methods for studying FG layers are applicable
only for some special gradation laws (Robins, 1990; Chiu and Erdo-
gan, 1999; Bruck, 2000), numerical methods (see e.g., Chakraborty
and Gopalakrishnan, 2003, 2004a,b) have to be used in general
cases. In this paper, two models are developed for this purpose.
The ﬁrst model is the so-called explicit FG (EFG) model, in which
the property variation of the FG interlayers is considered in an ‘‘ex-
act’’ or ‘‘explicit’’ way. The second model is the so-called multilayer
(ML) model, where a number of homogeneous sublayers of piece-
wise constant material properties is used to approximate the FG
interlayers. The transfer matrix method for FG media is imple-
mented in the EFG model, while the transfer matrix method for
multilayered piecewise homogeneous composites is utilized in
the ML model. The correctness and the accuracy of both models
are veriﬁed by comparing the computed wave transmission coefﬁ-
cient and band gaps with the reference results presented in Wu
et al. (2009), who analyzed the longitudinal wave propagation in
1D periodically laminated rods with FG interlayers.
While band-gaps are usually determined from the dispersion
relations or the localization factors (Chen and Wang, 2007; Lisen-
kov et al., 2007), the energy transmission coefﬁcient for a ﬁnite
number of layers between two identical half-planes is applied in
this analysis. For an inﬁnite periodically layered structure the en-
ergy transmission coefﬁcient is exactly zero in the band gaps
(Wu et al., 2009; Yan and Wang, 2006; Chen and Wang, 2007),
while it is exponentially decaying in a ﬁnite periodically layered
structure with increasing layer number. However, for a sufﬁciently
large number of layers the energy transmission coefﬁcient is nearlyzero, which is utilized in this paper to predict the band gaps. Three
different power laws describing the gradation of the material prop-
erties within the FG interlayers are investigated. Numerical results
for the transmission coefﬁcient and the band gaps are presented
and discussed in details to reveal the inﬂuences of the FG interlay-
ers, the relative thickness ratio of the homogeneous layers, and the
incidence angle of the time-harmonic elastic SH waves on the wave
transmission and the band gaps.2. Plane SH-wave propagation in a layered FGM structure
Propagation of plane time-harmonic elastic SH-wave in a lay-
ered composite composed of N identical FG unit-cells of width H
between two identical half-planes is considered. For the sake of
brevity, the common time-dependent factor eixt is omitted in
the following analysis, where x is the circular frequency. The
anti-plane SH wave motion has only one non-zero displacement
component ~u and is governed by the following partial differential
equation
lðzÞ @
2~uðx; zÞ
@x2
þ @
2~uðx; zÞ
@z2
" #
þ @lðzÞ
@z
@~uðx; zÞ
@z
þ qðzÞx2~uðx; zÞ ¼ 0;
ð1Þ
where l is the shear modulus and q is the mass density of the
material.
The displacement ~uðx; zÞ is assumed to have the following form
~uðx; zÞ ¼ uðzÞ expðik0x sin hÞ ð2Þ
for a plane SH wave propagating in the xOz-plane with an angle of
incidence h with respect to the z-axis as depicted in Fig. 1. Without
loss of generality it is assumed that the two half-planes are identical
and have the same material property A. Accordingly k0 is the wave-
number of plane SH waves in the half-planes surrounding the stack
of layers. The following ordinary differential equation is obtained
then from Eq. (1)
lðzÞ @
2uðzÞ
@z2
þ @lðzÞ
@z
@uðzÞ
@z
þ qðzÞx2  lðzÞk20 sin2 h
h i
uðzÞ ¼ 0: ð3Þ
The corresponding shear stresses are related to the displacement
gradients by
sxyðx; zÞ ¼ lðzÞ @
@x
~uðx; zÞ; szyðx; zÞ ¼ lðzÞ @
@z
~uðx; zÞ:
The displacement ~uðx; zÞ and the shear stresses sxy and sxy are con-
tinuous within the stack of the periodic layers.
Due to periodicity of the structure with a period H (width of the
unit-cell) the elastic parameters can be written as
qðzÞ ¼ qðzþ HÞ; lðzÞ ¼ lðzþ HÞ 0 6 z < H  N:
Besides, it is assumed that the layers A and B have constant material
properties, while the inter-layers from A to B and from B to A have
continuous variations in their material properties. Thus, the mate-
rial parameters within the unit-cell can be written as
fqðzÞ;lðzÞg ¼
fqA;lAg; 0 6 z < hA;
fqABðzÞ;lABðzÞg; hA 6 z < hA þ hF ;
fqB;lBg; hA þ hF 6 z < hA þ hB þ hF ;
fqBAðzÞ;lBAðzÞg; hA þ hB þ hF 6 z < hA þ hB þ 2hF ;
8>><
>>:
ð4Þ
whereas the right and left half-planes have the same material prop-
erties {qA,lA} (see Fig. 1).
Fig. 1. A periodic laminate with FG unit cells between two elastic half-planes.
Fig. 2. Models used for the simulation of functionally graded unit-cells.
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Since the two half-planes adjacent to the stack of layers are as-
sumed to be the same material, the propagation angles of the inci-
dent, reﬂected and transmitted waves coincide due to the Snell’s
law (Brekhovskikh and Godin, 1998). Accordingly, the wave ﬁelds
in the half-planes are plane waves and can be expressed in the
form
uðzÞ ¼ e
iq0z þ Aeiq0z; z 6 0;
Aþeiq0z; zP H  N;
(
ð5Þ
where q0 = k0cosh, and A+ and A are the amplitudes of the transmit-
ted and reﬂected plane waves. It should be also noted here that
though the propagation angle of the reﬂected waves coincides with
that of the incident and transmitted waves, they have different
propagation directions, which are characterized by the opposite
signs in the exponential functions of Eq. (5). The generalized state
vector containing the displacement and the stress components
within a sublayer bounded by z = aj and z = bj is written as
v = {u,s}, which is expressed in terms of the propagator or transfer
matrix (T-matrix) (Thomson, 1950; Haskell, 1953; Aki and Richards,
2002) as
vðzÞ ¼ Tlðzj; z ajÞ  vj; z 2 ½aj; bj;
where vj = v(aj) is the incoming wave ﬁeld, the ﬁrst argument zj of
the transfer matrix Tl(zj,f) is a ﬁxed global coordinate for the mate-
rial properties (4), while the second argument f is a local coordinate
of the sublayer wave ﬁeld (zj 2 [aj,bj], f 2 [0,bj  aj]). The subindex
of Tl is equal s or f that denotes a homogeneous or an FGM layer,
respectively.
The amplitudes of the transmitted and reﬂected plane waves A+
and A through the stack of layers (5) are obtained from the energy
conservation law as
Aþ ¼ 2  T22T11  T21T12
T22 þ T11  T21=ðilAq0Þ  ilAq0T12
;
A ¼ T22  T11 þ T21=ðilAq0Þ  ilAq0T12
T22 þ T11  T21=ðilAq0Þ  ilAq0T12
:
By using the continuity conditions on the interfaces between the
neighboring layers, the elements of the total transfer matrix Tij
can be obtained in terms of the T-matrices for each sublayer as
(for details see e.g. (Li and Wang, 2005))T ¼ ðTf ðH;hFÞ  TsðhA þ hF ; hBÞ  Tf ðhA þ hF ;hFÞ  Tsð0;hAÞÞN: ð6Þ
The T-matrix Ts for a homogeneous sublayer (A or B) is given by the
following equation (Aki and Richards, 2002)
2Tsðz; fÞ ¼ e
iqðzÞf þ eiqðzÞf ½eiqðzÞf  eiqðzÞf=½iqðzÞlðzÞ
iqðzÞlðzÞ½eiqðzÞf  eiqðzÞf eiqðzÞf þ eiqðzÞf
 !
;
ð7Þ
qðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qðzÞx2=lðzÞ  k20 sin2 h
q
:
However, the T-matrix Tf(z,f) for the FG layers is to be evaluated
numerically except some particular cases (e.g., exponential law or
special power law (Han and Liu, 2002)). Two numerical models
for the investigation of the FG layers are described below (see
Fig. 2).
2.2. Explicit FG model and multilayer model
The governing differential Eq. (3) for an FG layer bounded by
z = a and z = b can be written in terms of a vector as
YðfÞ ¼ uðfÞ; @u
@f
 
; f ¼ z a;
that leads to the following system of differential equations (Glush-
kov and Glushkova, 2001)
@Y
@f
¼ Bðfþ aÞY; ð8Þ
BðzÞ ¼ 0 1qðzÞx2=lðzÞ þ k20 sin2 h l0ðzÞ=lðzÞ
 
:
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damental solutions Y1ðfÞ ¼ u1;u01
 
and Y2ðfÞ ¼ u2;u02
 
by using
the following equation
Tf ðfþ a; fÞ ¼
u1ðfÞ u2ðfÞ
lðfþ aÞu01ðfÞ lðfþ aÞu02ðfÞ
 
; f 2 ½0; b a:
ð9Þ
The fundamental solution vectors Y1 and Y2 satisfy Eq. (8) and the
boundary conditions
Y1jf¼0 ¼ f1;0g; Y2jf¼0 ¼ f0;1=lðaÞg: ð10Þ
The method of series expansion within a partial domain of integra-
tion is used for the numerical solution of the boundary-value prob-
lem (8) and (10). The matrix-function B(z) is approximated by L
polynomials and K terms in the series expansion, which are auto-
matically chosen to have the series expansions converge to the
solution. The above described model can treat the FG interlayers
in an ‘‘explicit’’ manner and hence will be referred to as explicit
FG (EFG) model.
Another model for approximating FG layers is the multilayer
(ML) model (Wu et al., 2009; Cretu and Nita, 2004). In this model,
the continuous functions describing the material properties l(z)
and q(z) are replaced by a series of piecewise constant functions,
i.e., the FG layer is replaced by a number of sublayers with piece-
wise constant material parameters. Therefore, the T-matrix Tf for
the FG layer is found by the product of the T-matrices (7) of thin
homogeneous sublayers as
Tf ðb;hFÞ 
Y1
j¼M
Tsðaþ ðj 1=2ÞhF=M;hF=MÞ; hF ¼ ðb aÞ: ð11Þ
By using the ML model, FG interlayers can be considered as a limit
case of multilayered composites with piecewise homogeneous elas-
tic layers (Wu et al., 2009; Cretu and Nita, 2004; Lekner, 1990; Ten-
enbaum and Zindeluk, 1992).
The efﬁciency and the accuracy of the EFG model and the mul-
tilayer model are demonstrated by numerical examples in the fol-
lowing section.
2.3. Wave transmission and reﬂection coefﬁcients
The energy transmission coefﬁcient j+ and the energy reﬂection
coefﬁcient j characterize the energy transfer in the laminated
composite. These coefﬁcients are calculated in terms of the
Umov–Poynting vector, which has in the case of SH waves the fol-
lowing simple form
eðx; zÞ ¼ x
2
Im½uðx; zÞ; sðx; zÞ:
The energy transmission coefﬁcient j+ is deﬁned as the ratio of the
time-averaged energy ﬂow transmitted through the laminated
composites to the energy of the incident the plane wave, see (Golub
et al., 2011; Babeshko et al., 1992). According to the energy conser-
vation law, we have the following relation between the wave trans-
mission and the reﬂection coefﬁcients
jþ þ j ¼ 1;
which is applied in the numerical computations to check the cor-
rectness of the numerical results.
In the present analysis, the energy transmission coefﬁcient j+ is
used as a measure to determine band gaps and pass bands of the
laminated composites made of a ﬁnite number of layers. For an
inﬁnite periodically layered structure, it was shown by Chen and
Wang (2007) that the transmission coefﬁcient, the localization fac-
tor and the dispersion curves give identical information on stop
and pass bands for such a periodic structure. In this case, frequencyranges, in which the wave transmission coefﬁcient vanishes or
equals zero, correspond to band gaps, while frequency ranges, in
which the wave transmission coefﬁcient has a non-zero value, rep-
resent the so-called pass bands. However, for a ﬁnite periodically
layered structure, the transmission coefﬁcient will be never exactly
zero, although it decays exponentially with the increasing number
of the layers. Indeed, the transmission coefﬁcient will be very small
or nearly zero when the number of the layers is sufﬁciently large.
Here, a sufﬁciently small transmission threshold should be used to
identify the band gaps.
3. Numerical results and discussions
We consider a laminated composite composed of Alumina
(material A) and Aluminium (material B), which has been also
investigated in Wu et al. (2009). The corresponding material
parameters are given in Table 1. The interlayers between A and B
have a gradual change in the material properties, which could be,
for instance, induced by diffusion of the materials during the pro-
duction process. The interlayers from A to B and from B to A are
considered as FG layers, whose material properties change accord-
ing to power laws.
The ﬁrst set of power laws describes a graded interlayer, in
which the mass density and the shear modulus vary asymmetri-
cally according to Chakraborty and Gopalakrishnan (2003)
Law I :
PðzÞ ¼ ðPB  PAÞ zhAhF
	 
n
þ PA; z 2 ½hA; hA þ hF ;
PðzÞ ¼ ðPA  PBÞ zHþhFhF
	 
n
þ PB; z 2 ½hA þ hF þ hB;H
ð12Þ
or symmetrically
Law II :
PðzÞ ¼ ðPB  PAÞ zhAhF
	 
n
þ PA; z 2 ½hA; hA þ hF ;
PðzÞ ¼ ðPB  PAÞ HzhF
	 
n
þ PA; z 2 ½hA þ hF þ hB;H:
ð13Þ
The second set of power laws describes a step-like junction (see, e.g.
Wu et al., 2009) and is given by
Law III :
PðzÞ ¼ 12 ðPB  PAÞ 2 zahF
	 
n
þ PA; 0 6 z a < hF=2;
PðzÞ ¼ 12 ðPA  PBÞ 2 aþhFzhF
	 
n
þ PB; hF=2 < z a 6 hF :
ð14Þ
Here P denotes an appropriate material property with PA and PB
being the boundary values corresponding to the mass density or
the shear modulus of the materials A and B (qA and qB or lA and
lB), ha is the coordinate of the left boundary of the FG layer with
the thickness hF, and n is the exponent of the power law. Examples
for the three different power laws (12)–(14) with n = 3 are shown in
Fig. 3.
In the numerical calculations, normalized parameters are used.
The length parameter H and the normalized frequency xH/(2pcA)
are introduced for convenience, where H is the thickness of the
unit-cells and cA ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lA=qA
p
is the shear wave velocity of material
A.
3.1. Model veriﬁcations
The main objective of this study is the investigation of the inﬂu-
ences of FG interlayers on pass bands and band gaps of time-har-
monic plane SH waves propagating in the periodically laminated
composites composed of materials A and B as given in Table 1. In
order to verify the two models as described in the last section,
Table 1
Elastic moduli and densities of the laminated composite.
Notation Materials Density [kg/m3] Young’s modulus [GPa] Poisson’s ratio
A Alumina 4000 400 0.231
B Aluminium 2700 70 0.33
Fig. 3. Examples for different power laws (12)–(14) with n = 3.
Table 2
Comparison of SH and 1D waves.
Issues SH wave 1D wave
Material parameters q, l q, E
Velocity cT ¼
ﬃﬃ
l
q
q
cT ¼
ﬃﬃ
E
q
q
Displacement u(x,z) (Anti-plane) u(z) (Longitudinal)
Wave equation @2u
@z2 þ @
2u
@x2 þ x
2
c2T
u ¼ 0 @2u
@z2 þ x
2
c2L
u ¼ 0
Fig. 4. Band gaps for a 1D phononic crystal: Comparison with Fig. 6a in Wu et al.
(2009) (shaded domains) and control points calculated by the present approach
(bold circles).
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one-dimensional periodically laminated rod, which has been inves-
tigated in Wu et al. (2009) by using a multilayer model for the FG
interlayers similar to Eq. (11). This can be easily performed by
making the corresponding changes of the present SH wave prob-
lem to the 1-D wave problem according to Table 2. The band gaps
calculated by using the present models are presented in Fig. 4 and
compared with Fig. 6a of Wu et al. (2009), where the power law I
with an exponent n = 0.5 in (12) is applied. Bold circles marked in
Fig. 4 denote control points and it is clear that the band gaps calcu-
lated using the EFG model described in (8)–(10) agree most closely
to those given in Wu et al. (2009), which veriﬁes the correctness
and the accuracy of the EFG model presented in this paper. It
should be noted here that the two-dimensional (2D) SH wave
propagation problem in an FG periodic laminate as considered in
this analysis is more general and complex than the 1D longitudinal
wave propagation problem in an FG periodically laminated rod as
investigated in Wu et al. (2009) in detail.
Next, we investigate the convergence of the multilayer model
(Eq. (11)) with respect to the number of sublayers used for the
FG interlayers. The variations of the energy transmission coefﬁ-
cient j+ with the normalized frequency obtained by using the mul-
tilayer model with M = 10 and M = 50 sublayers for each of N = 16
FG interlayers (dash-doted and dashed lines) are shown in Fig. 5
and compared to the corresponding numerical results provided
by the EFGmodel (solid lines) based on Eqs. (8)–(10). A good agree-
ment between the results of the EFG model and the multilayer
model with M = 50 sublayers can be observed. For laws I and IIIas given in (12) and (14), Fig. 6 shows the convergence of the mul-
tilayer model with respect to the used number of sublayers for
each FG interlayer in more details, which indicates thatM = 50 sub-
layers are sufﬁcient to guarantee the convergence and the accuracy
of the multilayer model (N = 128). However, it should be noted
here that the convergence of the multilayer model depends on
the considered frequency. With increasing frequencies, more sub-
layers are required. For instance, it is necessary to use about
M = 2000 sublayers in a frequency range x 2 (0,30) to achieve a
relative integral accuracy of e = 1  103. Nevertheless, to achieve
the same accuracy the computing time for the EFG model is about
ten times larger than that for the multilayer model with sublayers.
The results given in Fig. 5 indicate that both the EFG model and the
multilayer model can predict in essence the same band gaps.
Since a ﬁnite stack of layers or unit-cells is considered in the
present analysis, the convergence of the energy transmission
coefﬁcient j+ and the band gaps with respect to the number of
(a)
(b)
Fig. 5. Comparison of the transmission coefﬁcient j+ of plane SH-waves by using
the EFG model and the multilayer model.
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layersM = 50, the corresponding results provided by the multilayer
model are presented in Fig. 7. Accordingly, as the number of the(a)
Fig. 6. Convergence of the of band gaps with respect to th
(a)
Fig. 7. Convergence of band gaps with reunit-cells N increases, the band gaps converge to their exact
solutions.
The computational costs for both methods developed in this pa-
per are presented in Table 3, which indicates that to achieve the
same accuracy the multilayer model is computationally faster than
the EFG model. The calculations have been performed using a stan-
dard laptop with Intel Celeron M 520 (1.6 GHz) and 1 GB RAM for
the law II (hA = hB,hF = 0.2,n = 3).
For the considered cases presented below, N > 100 unit-cells are
sufﬁcient to ensure the convergence and the accuracy of the com-
puted band gaps. In the numerical examples presented in the fol-
lowing, the EFG model with N = 200 and M = 100 is applied. It
should be mentioned here that in the ML model a larger number
of sublayers is needed for a complete wave ﬁeld calculation than
that used for computing band gap diagrams.3.2. Inﬂuences of the FG interlayers on band gaps
The location and the width of the band gaps are in general
dependent on the material gradation law describing the FG inter-
layers and the geometrical parameters of the periodic laminates
(hF,hA,hB). Here, we ﬁrst analyze the effects of the FG interlayers
on band gaps for the gradation laws I–III. An example showing
the differences in the variation of the material parameters in the
unit-cell is presented in Fig. 3 for the power laws I–III.
The band gaps are presented in Fig. 8, which show the inﬂu-
ences of the FG interlayers on band gaps. Fig. 8(a), (b), (e) and (f)
imply that a sharp change in the material parameters (n > 10) of(b)
e number of sublayers used for the multilayer model.
(b)
spect to the number of unit-cells N.
Table 3
Computational costs for EFG (L = number of polynomials of 2nd order, K = number of expansion terms) and multilayer (M = number of sublayers) models at frequencies in the
band gap and pass band.
Method Time [103 s] j+
x = 2.4 x = 2.6
Multilayer M = 5 0.004 0.909 0.162  1046
M = 20 0.011 0.978 0.443  1058
M = 100 0.051 0.997 0.195  1057
M = 200 0.095 0.999 0.206  1057
EFG L = 11, K = 13, e = 0.1 0.360 0.984 0.235  1057
L = 14, K = 13, e = 0.01 0.427 0.998 0.204  1057
L = 24, K = 12, e = 0.001 0.726 0.999 0.209  1057
Fig. 8. Inﬂuences of the exponent n of the power laws I–III on band gaps for hF/H = 0.2 (a,c,e) and hF/H = 0.4 (b,d, f). (a,b) Law I; (c,d) law II; (e, f) law III (ﬁlled and dashed
domains denote band gaps with and without FG interlayers in limiting cases).
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periodically layered composites without FG interlayers. A very
similar situation arises if the thickness of the FG interlayers in
the unit-cell hF/H is very small. Two different types of band gaps
for the periodically layered composite are observed in Fig. 8(c–f)
because the gradation laws II and III lead to different results for
n? 0 and n?1. It is interesting to note that some new band gaps
are induced due to the presence of FG interlayers with a relatively
large thickness.Next, the inﬂuences of the relative interlayer thickness hF/H are
analyzed for gradation laws I–III. Figs. 9–11 present the band gaps
for different power laws and three ﬁxed thickness ratios hA/
hB = 0.1, 1, 10. Here, it can be concluded that band gaps are nar-
rower at high-frequencies if the thickness of the FG interlayers of
the periodic structure becomes larger, except the ﬁrst and the sec-
ond band gaps in the low-frequency range. From Figs. 8–11 one can
clearly observe the increase of the differences in the band gaps for
the periodic elastic laminates with and without FG interlayers. The
(a) (b) (c)
Fig. 9. Inﬂuences of the interlayer thickness hF/H on band gaps (power law I). (a) hA/hB = 0.1; (b) hA/hB = 1; (c) hA/hB = 10.
(a) (b) (c)
Fig. 10. Inﬂuences of the interlayer thickness hF/H on band gaps (power law II). (a) hA/hB = 0.1; (b) hA/hB = 1; (c) hA/hB = 10.
(a) (b) (c)
Fig. 11. Inﬂuences of the interlayer thickness hF/H on band gaps (power law III). (a) hA/hB = 0.1; (b) hA/hB = 1; (c) hA/hB = 10.
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quency x and relative thickness of the FG interlayers hF/H.3.3. Inﬂuences of the relative thickness of homogeneous layers on band
gaps
We proceed to study the importance and the inﬂuences of the
thickness ratio hA/hB of the homogeneous layers on band gaps.
The band gaps are for periodic elastic laminates with and without
FG interlayers are shown in Fig. 12 for two ﬁxed values of the inter-
layer thickness hF/H. The structure of band gaps is very similar for
all considered power laws. The ﬁrst band gaps for periodically lay-
ered composites with and without FG interlayers are very close
with a weak dependence on hA/hB. If the band gaps at high-fre-
quencies are considered then the ratio hA/hB may have signiﬁcant
inﬂuences on the band gaps, especially for small values of hA/hB.
For large values of hA/hB, the band gaps show a weak dependence
on hA/hB, because the material A will dominate and determine band
structures of the periodic laminates. Here again, band gaps mayFig. 12. Inﬂuences of the thickness ratio hA/hB of the homogeneous layers on band gaps f
and dashed domains denote band gaps with and without FG interlayers).degenerate to a point for some special values hA/hB, especially for
small values of hA/hB and at high-frequencies as shown in Fig. 12.3.4. Inﬂuences of the incidence angle on band gaps
The inﬂuences of the incidence angle of plane SH waves on the
bandgaps are also investigated. For power laws I–IIIwithn = 3 asde-
picted in Fig. 3 and for two different values of the thickness of the FG
interlayers, the corresponding results are given in Fig. 13, respec-
tively, which are symmetric with respect to h = 90. Pass bands are
turned towards higher frequency in the angle range of h up to 90.
At certain incidence angles band gaps degenerate into a point.
Though the global behavior of the band gaps for all three grada-
tion laws is similar to each other, the gradation law II leads to a lar-
ger deviation between the band gaps with and without FG
interlayers. The width of the band gaps is also generally larger in
the case of power law II, and they are located more sparsely. For
hF/H = 0.2,0.4 and power laws I and III as shown in Fig. 13(a), (b),
(e) and (f) the ﬁrst two low-frequency band gaps and pass bands
are only weakly affected by the FG interlayers.or hF/H = 0.2 (a,c,e) and hF/H = 0.4 (b,d, f). (a,b) Law I; (c,d) law II; (e,f) law III (ﬁlled
Fig. 13. Inﬂuences of the angle of incidence h on band gaps for hF/H = 0.2 (a,c,e) and hF/H = 0.4 (b,d, f). (a,b) law I; (c,d) law II; (e, f) law III (ﬁlled and dashed domains denote
band gaps with and without FG interlayers).
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In this paper, transmission and band gaps of time-harmonic
plane elastic SH waves propagating in periodically laminated com-
posites with FG interlayers are analyzed. Three different power
laws describing the variation of the material properties within
the FG interlayers are used. The FG interlayers are dealt with by
using two different models. In the EFG model, the transfer matrix
method developed for FG media is applied. In the multilayer mod-
el, the FG interlayers are approximated by a number of homoge-
neous sublayers and then the transfer matrix method for
multilayered composites with piecewise constant material proper-
ties is utilized. Wave transmission coefﬁcient and the band gaps
are computed by using both models. A comparison of the present
results for a 1D FG and periodically laminated rod with that ob-
tained by the spectral ﬁnite element (Wu et al., 2009) shows an
excellent agreement. Detailed numerical results show that the
location and the width of the band gaps are dependent on the
law and the exponent describing the material gradation, the thick-
ness of the FG interlayers, the relative thickness of the homoge-
neous layers, and the incidence angle of time-harmonic plane SHwaves. These conclusions are consistent with that of (Wu et al.,
2009) for longitudinal wave propagation in a 1D FG and periodi-
cally laminated rod, which may have some relevant applications
to develop novel wave ﬁlters through a well-designed and opti-
mized process.
In comparison to other frequently used methods in literature,
the EFG method presented in this paper has some advantages.
Though it is more time-consuming than the multilayer model, it
is however capable to simulate the full wave pattern within the
periodic laminates, and can be easily extended to laminates with
defects and damages, see e.g. (Golub et al., 2011; Boström and
Golub, 2009).
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